This paper considers the problem of constructing a direct coupling quantum observer for a single qubit finite level quantum system plant. The proposed observer is a single mode linear quantum system which is shown to be able to estimate one of the plant variables in a time averaged sense.
Introduction
In order to better understand fully quantum estimation and control, a number recent papers have introduced a class of coherent quantum observers for linear quantum stochastic systems; see [1, 2] . Also, the paper [3] considers a finite level quantum system as the quantum plant, which is described in the form of bilinear quantum stochastic differential equations (QSDEs); see [4] [5] [6] [7] . This means that the combined plant observer system is a hybrid of a finite level quantum system and a linear quantum system; see [8] .
The coherent observers discussed in [1] [2] [3] track the plant variables asymptotically in the sense of mean values. Also, entanglement can be generated in the joint plant-observer quantum systems [1] .
In the papers [1, 2] , the quantum plant under consideration is a linear quantum system. In recent years, there has been considerable interest in the modeling and feedback control of linear quantum systems; e.g., see [9] [10] [11] . Such linear quantum systems commonly arise in the area of quantum optics; e.g., see [12, 13] . For such linear quantum system models an important class of quantum control problems are referred to as coherent quantum feedback control problems; e.g., see [9, 10, [14] [15] [16] [17] [18] [19] . In these coherent quantum feedback control problems, both the plant and the controller are quantum systems. The coherent quantum observer problem can be regarded as a special case of the coherent quantum feedback control problem in which the objective of the observer is track the system variables of the quantum plant.
In the previous papers on quantum observers such as [1] [2] [3] , the coupling between the plant and the observer is via a field coupling. This leads to an observer structure of the form shown in Figure 1 . This enables a one way connection between the quantum plant and the quantum observer. Also, since both the quantum plant and the quantum observer are open quantum systems, they are both subject to quantum noise. In the paper [16] , a coherent quantum control problem is considered in which both field coupling and direct coupling is considered between the quantum plant and the quantum controller. Also, the paper [20] considered a direct coupling quantum observer in which there is only direct coupling between the quantum plant and the quantum observer and for which both the plant and the observer are linear quantum systems corresponding to quantum harmonic oscillators. In this paper, we consider the construction of a coherent quantum observer in which there is only direct coupling between the quantum plant and the quantum observer. Also, the plant is assumed to be a finite level quantum system corre-sponding to a single qubit and the observer is assumed to be a linear quantum system corresponding to a single quantum harmonic oscillator. Furthermore, both the quantum plant and the quantum observer are assumed to be closed quantum systems which means that they are not subject to quantum noise and are purely deterministic systems. This leads to an observer structure of the form shown in Figure 2 . It is shown that for the case being considered, a quantum observer can be constructed to estimate one of the system variables of the quantum plant. In particular, an observer variable converges to the plant variable being estimated in a time averaged sense. quantum plant quantum observer Due to space limitations, all of the proofs of the results of this paper have been omitted but can be found in the archive version of this paper [21] along with an illustrative example.
Quantum Systems
We first consider the dynamics of a single qubit spin system which will correspond to the quantum plant; see also [4, 5] . The quantum mechanical behavior of the system is described in terms of the system observables which are self-adjoint operators on the complex Hilbert space H p = C 2 . The commutator of two scalar operators x and y in H p is defined as [x, y] = xy − yx. Also, for a vector of operators x in H p , the commutator of x and a scalar operator y in H p is the vector of operators [x, y] = xy − yx, and the commutator of x and its adjoint x † is the matrix of operators
T and * denotes the operator adjoint. In the case of complex vectors (matrices) * denotes the complex conjugate while † denotes the conjugate transpose. The vector of system variables for the single qubit spin system under consideration is
where σ 1 , σ 2 and σ 3 are spin operators. Here, x p a selfadjoint vector of operators, i.e., x p = x # p . In particular x p (0) is represented by the Pauli matrices; i.e.,
Products of the spin operators satisfy
It is then clear that the commutation relations for the spin operators are
where δ i j is the Kronecker delta and ε i jk denotes the Levi-Civita tensor. The dynamics of the system variables x are determined by the system Hamiltonian which is a self-adjoint operator on H p . The Hamiltonian is chosen to be linear in x p ; i.e.,
where r p ∈ R 3 . The plant model is then given by the differential equatioṅ
where z p denotes the vector of system variables to be estimated by the observer and C p ∈ R 1×3 ; e.g., see [4] . Also, A p ∈ R 3×3 . In order to obtain an expression for the matrix A p in terms of r p , we define the linear mapping Θ :
Then, it is shown in [4] that
Similarly, the commutation relations for the spin operators are written as
Also, it was shown in [4] that
and hence A p = −2Θ(r p ).
In addition, it is shown in [4] that the mapping Θ(·) has the following properties:
Note that a quantum system of this form will be physically realizable which means that the commutation relation (4) will hold for all times t ≥ 0.
We now describe a single quantum Harmonic oscillator system which will correspond to the quantum observer; see also [9, 16, 22] . This system is described by a differential equation of the forṁ
where the observer output z o is the observer estimate variable and C o ∈ R 1×2 . Also, A o ∈ R 3×3 , and x o (t) = [ q(t) p(t) ] T is a vector of self-adjoint noncommutative system variables with q(t) being the position operator and p(t) being the momentum operator; e.g., see [9] . We assume that the plant variables commute with the observer variables. The system dynamics (10) are determined by the system Hamiltonian which is a which is a self-adjoint operator on the underlying infinite dimensional Hilbert space for the system H o . For the single quantum Harmonic oscillator system under consideration, the system Hamiltonian is determined by the quadratic form H o = 1 2 x(0) T R o x(0), where R o is a real symmetric matrix. Then, the corresponding matrix A o in (10) is given by
where J denotes the real skew-symmetric 2 × 2 matrix J = 0 1 −1 0 ; e.g., see [9] . The system variables x o (t) will then satisfy the commutation relations
That is, the system will be physically realizable; e.g., see [9] .
Remark 1 Note that that the Hamiltonian H o is preserved in time for the system (10) . Indeed,Ḣ o = 1 2ẋ
Direct Coupling Coherent Quantum Observers
In our proposed direct coupling coherent quantum observer, the quantum plant (2) will be directly coupled to the coherent quantum observer (10) by introducing a coupling Hamiltonian
where R c ∈ R 3×2 . The augmented quantum linear system consisting of the quantum plant and the direct coupled quantum observer is then a quantum system described by the total Hamiltonian
Then, it follows that the augmented quantum system is described by the equationṡ
e.g., see [4, 7] . We now formally define the notion of a direct coupled linear quantum observer.
Definition 1
The matrices R o ∈ R 2×2 , R c ∈ R 3×2 , C o ∈ R 1×2 define a direct coupled linear quantum observer for the quantum plant (2) if the corresponding augmented quantum system (15) is such that
Constructing a Direct Coupling Coherent Quantum Observer
We now describe the construction of a direct coupled linear quantum observer. In this section, we assume that A p = 0 in (2). This corresponds to r p = 0 in the plant Hamiltonian. It follows from (2) that the plant system variables x p (t) will remain fixed if the plant is not coupled to the observer. However, when the plant is coupled to the quantum observer this will no longer be the case. We will show that if the quantum observer is suitably designed, the plant quantity to be estimated z p (t) will remain fixed and the condition (16) will be satisfied.
We also assume that the matrix R c is of the form R c = αβ T where α = C T p ∈ R 3 and β ∈ R 2 . Then, the total Hamiltonian (14) will be given by
since in this case the quantities α T x p (0) and β T x o (0) are commuting scalar operators.
Theorem 1 Consider a quantum plant of the form (2) where A p = 0. Then the matrices R o , R c , C o will define direct coupled quantum observer (10) for this quantum
Remark 2
We consider the above result for the case in which C p = [1 0 0]. This means that the variable to be estimated by the quantum observer is the first spin operator σ 1 (t) of the quantum plant; i.e., z p (t) = σ 1 (t). By
the conditions of Theorem 1 will
be satisfied and the observer output variable will be the position operator of the quantum observer q(t); i.e., z o (t) = q(t). Before the quantum observer is connected to the quantum plant, the quantities σ 1 (t), σ 2 (t) and σ 3 (t) will remain constant since we have assumed that A p = 0. Now suppose that the quantum observer is connected to the quantum plant at time t = 0. The plant variable σ 1 (t) will remain constant at its initial value σ 1 (t) = σ 1 (0) but the other plant variables σ 2 (t) and σ 3 (t) will evolve in a time-varying and oscillatory way. In addition, the observer position operator q(t) will evolve in an oscillatory way but its time average will converge to σ 1 (0). Now suppose that after a sufficiently long time T such that the time average of q(t) has essentially converged to σ 1 (0), the observer is disconnected from the quantum plant. Then, the plant operator σ 1 (t) will remain constant at σ 1 (t) = σ 1 (0) and the plant operators σ 2 (t), σ 3 (t) will remain constant at the values σ 2 (T ), σ 2 (T ) respectively which are determined in terms of x p (0), x o (0) and the time T . This will be an essentially "random" value. If at a later time an observer with the same parameters as above is connected to the quantum plant, then time average of its output z o (t) = q(t) will again converge to σ 1 (0) and σ 1 (t) will remain constant at σ 1 (0). However, suppose that instead an observer with different parameters R o = I, C o = [0 1],
This observer is designed so that the time average of the observer output z o (t) = p(t) converges to the operator σ 2 (t) of the quantum plant. This quantity is the essentially random value σ 2 (T ) mentioned above. In addition, the previously constant value of σ 1 (t) = σ 1 (0) will now be destroyed and will evolve to another essentially random value. This behavior of the quantum observer is similar to the behavior of quantum measurements; e.g., see [23] . This is not surprising since the behavior of the direct coupled quantum observers considered in this paper and the behavior of quantum measurements are both determined by the quantum commutation relations which are fundamental to the theory of quantum mechanics.
Conclusions
In this paper we have considered a notion of a direct coupling observer for closed quantum systems and given a result which shows how such an observer can be constructed for the case in which the plant is a single spin system and the observer is a single quantum harmonic oscillator. The main result shows the time average convergence properties of the direct coupling observer.
